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A ring R is right FPF if each faithful finitely generated right R module is a 
generator of MOD-R. The purpose of this paper is to answer several questions 
posed by C. Faith and S. Page in their monograph (“FPF Ring Theory: Faithful 
modules and generators of MOD-R,” London Math. Sot. Lecture Note Series, 
Cambridge Univ. Press, 1984) and then to apply these results to semi-perfect left or 
right Noetherian right FPF rings. Thus, a semi-perfect ring R is right FPF iff (i) R 
possesses a semi-perfect, right self-injective classical (left and right) ring of 
quotients, (ii) faithful tinitely generated right ideals of R are generators of MOD-R, 
and (iii) the basic ring of R is right strongly bounded. Furthermore, the set of left 
regular elements of R is the set of right regular elements of R is the set of elements 
regular modulo Z,(R). The semi-perfect ring R is an injective cogenerator of 
MOD-R iff R is right FPF and right Kasch. Chain conditions on R are also con- 
sidered. fi.1 987 Academic Press. Inc. 
INTRODUCTION 
The ring R is right FPF if each faithful finitely generated right R module 
is a generator of MOD-R. Right FPF rings are generalizations of Dedekind 
domains and quasi-Frobenius (QF) rings. In [El, S. Endo has shown that 
a commutative Noetherian FPF ring is a finite product of Dedekind 
domains and a QF ring. This prompted Faith to consider the structure of 
commutative FPF rings, [F4]. He has shown [FP, p. S.33 that the com- 
mutative ring R is FPF iff the classical ring of quotients of R is self-injec- 
tive and faithful finitely generated ideals of R are projective. This lead to 
the conjecture (by Faith), that all right FPF rings possess a right self-injec- 
tive classical right ring of quotients. In an attempt to resolve this conjecture 
for semi-prime right FPF rings, Page has shown that the maximal right 
quotient ring of such rings is right self-injective. [FP, Theorem 3.31. Sub- 
sequently, Faith and Page have shown [FP, Theorem 5.43 that a semi-per- 
fect Noetherian FPF ring is a finite product of bounded semi-perfect 
Dedekind prime rings and a QF ring, and conversely. They ask: 
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QUESTION 6. If R is right FPF, do the classical ring of quotients and 
maximal right ring of quotients coincide? 
QUESTION 15. “Characterize semi-perfect (resp. right Noetherian) right 
FPF rings, or any permutation thereof.” 
To answer Question 6, it suffices to prove the classical ring of quotients 
exists and is right self-injective. Th  Noetherian FPF rings have been deter- 
mined in [Ft]. The purpose of this paper is to determine the structure of 
semi-perfect right FPF rings by answering Question 6 in this context. Also, 
the other “permutations thereof” are considered. 
A detailed account of the sections follows. 
Section 1 contains most of the ring and module theory used in the sequel. 
Self-basic semi-perfect right FPF rings are the subject of discussion in 
Section 2. Here, it is shown that for such rings, S, S/Z,(S) is a finite 
product of (left and right) serial domains and that %‘JO)=%?(Z,(S)) is a 
(left and right) Ore set in S. 
The main result of Section 3 is a proof that a semi-perfect right FPF ring 
R possesses a semi-perfect, right self-injective classical (left and right) ring 
of quotients, Q, Z,(R) = J(Q), and V,(O) = y(O) = %(Z,(R)). This is accom- 
plished by reducing to the self-basic case and resorting to localization ata 
perfect opology of left ideals of R. This answers in part Questions 6 and 
15. 
Section 4 contains a classification of semi-perfect right FPF rings. The 
semi-perfect ring R is right FPF iff (i) R possesses a right self-injective, 
classical (left and right) ring of quotients, (ii) faithful finitely generated 
right ideals of R are generators of MOD-R, (iii) the basic ring of R is right 
strongly bounded. 
The results of Sections 24 are applied to PF and QF rings in Section 5. 
The semi-perfect ring R is right PF (resp. QF), iff R is right FPF, left or 
right Kasch (and has the act on left or right annihilators). The ring R is 
semi-perfect right FPF and left or right Noetherian iff R is a finite product 
of semi-perfect Dedekind prime rings and a QF ring. This answers 
Question 15 in full. 
1. PRELIMINARIES 
In this section, convention is established and known results quoted. 
All rings considered are associative with identity and all modules are 
unital. Rings are denoted A, R, S, Q with appropriate superscripts and sub- 
scripts, e.g., Q&,,(R) and Q:,(R). Modules are denoted by M, N, M’, etc. 
Ideals are denoted by Z, J, K, L. The bulk of the notation is that used in 
[St] and [FP], with most uses explained at the time of use. 
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The injective envelope of the module A4 in a prescribed category is E(M). 
To emphasize side, one writes E(M,) or E(,M). Z,(R) denotes the right 
singular ideal of R. If A4 is a right R module, then the singular submodule 
of M is Z(M)={xEM( R( ). Y x is essential in R}, where rR(x) is the right 
annihilator of the element x. 
(1.1) If A=End(E(M,)), then J(n)= {1En(kerA is an essential 
right R submodule of E(M)). [St, PropositionXIV.1.11. Thus, J(n) 1 = 
J(A) JW,) = Z(E(R,)). 
Let Z be an ideal of the ring R. Then 55’:(Z) = 5$(Z) = {c E R I c + I is right 
regular in R/Z}. Similarly, Q?(Z) is the set of elements regular modulo I. 
(1.2) Let R be a ring with finite right Goldie dimension. Then left 
multiplication by c E %‘JO) (i.e., by a right regular element of R), lifts to a 
unit of End(E(R,)). 
The module M is called local if it possesses a unique maximal sub- 
module. If M is a local right R module and if M = xR + yR, then xR = M 
or yR = M. Indecomposable projective right R modules are local when R is 
a semi-perfect ring [F8, p. 42, 18.23.31. 
The right R module M is uniserial if the lattice of submodules of A4 is a 
chain. If M is the direct sum of finitely many uniserial modules, then call A4 
serial. Cyclic uniserial modules are local. The ring R is right serial if R is 
serial as a right module. Similarly define left serial. Right serial rings are 
semi-perfect [CH, pp. 81-85-j. 
Call R right upper- (pre-) FPF if each faithful finitely generated right R 
submodule of E(R), (R), is a generator of MOD-R. 
(1.3) Semi-perfect right FPF rings have finite right Goldie dimension 
and indecomposable projective right ideals of such rings are uniform [FP, 
Theorem 2.1 A]. 
Until stated otherwise, R will denote a semi-perfect ring. Most of the 
relevant properties appear in [AF; St; FP, pp. 1.3-1.61. Some of these 
follow. 
(1.4) If M has finite right Goldie dimension, then End(E(A4)) is a 
semi-perfect ring [St, Proposition XIV.l.71. 
A projective generator of MOD-R having minimal right Goldie dimen- 
sion is called a basic module of R. M is a basic right module of R iff 
Mg e,R, where e, = e, + ... + e,, where {e, ,..., e,} is a set of primitive 
orthogonal idempotents of R, and where eiR g e,R for i #i. Then e, is 
called a basic idempotent of R. If 1 is a basic idempotent of R, call R self- 
basic. 
(1.5) R is self-basic ff R/J(R) is a product of division rings. 
(1.6) Given a primitive idempotent e E R, then there is an idempotent 
f E R such that ef = 0 = fe and such that e + f is a basic idempotent of R. 
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(1.7) If e,RsM@M’rM@M”, then M’zM” [FP, Theorem 1.2A; 
St, Lemma V.5.21. 
(1.8) If R has finite right Goldie dimension, and if M < E(eO R) is a 
generator of MOD-R, then Mzee,R [FP, Corollary l.l2B]. 
(1.9) The basic ring of a semi-perfect right FPF ring is right strongly 
bounded. (The ring S is right strongly bounded if each right ideal contains 
a nonzero ideal of S.) [FP, Theorem 2.1A]. 
In what follows, the ring R need not be semi-perfect. The results of Sec- 
tion 3 require some torsion theory. It is assumed the reader is familiar with 
the notions of a (right) Ore set and (right) denominator set in a ring. (See 
Chap. II of [St].) For the following discussion, 9 denotes the set of left 
ideals I of R such that In %JO) # @. 
(1.10) 9 is a l-topology on R iff gr(0) is a left Ore set in R [St, 
Proposition X1.6.1 . 
The left R module M is called F-torsion free if for each 0 #x E: M and 
ZE 9, then Ix #O. Equivalently, M is F-torsion free iff cx # 0 for each 
0 # x E M, c E %JO). Call A4 F-closed if the canonical map Hom.( R, M) ---f 
Hom,(Z, M) is an isomorphism for each ZEN. 
(1.11) If 9 is a l-topology on R and if M is an q-torsion free left R
module, then M is Y-closed iff M = {x E E(M) 1 Ix 6 M for some ZE 9 } = 
{x E E(M) I cx E M for some c E Wr(0)} [St, Proposition 1X.2.41. 
(1.12) Say 8 is a l-topology on R and let M be a left R module. 
Then R is an F-torsion free left module and R,F is a ring containing R. In 
general, M,, is T-closed and a left R,F module, where M,, denotes the 
localization fM under 9 [St, Proposition IX. 1.81. 
(1.13) Let %? be a right denominator set in R and let M be a right R 
module. Then ker(M-+M,)={xEMJxc=O for some c~%‘) [St, 
Proposition 11.3.31. 
Recall that a ring R is right Kasch if each simple right R module embeds 
in R. 
(1.14) Let R be a semi-perfect, right self-injective ring whose right 
socle, Soc(R,), is right essential. Then R is right Kasch and so right PF 
[St, Proposition XIV.4.11. 
(1.15) The maximal right ring of quotients Qk,,(R) = Q of R is right 
self-injective iff Q g E(R,) in MOD-R [St, Proposition XIV.4.1). 
(1.16) The following are equivalent: (a) The ring R has finite right 
Goldie dimension and for each x E E(R,), there is a c E g(O) such that 
xc E R. (b) R possesses a semi-perfect, right self-injective classical right ring 
of quotients [St, Proposition XV.5.2, 5.33. 
In what follows, R and S are Morita equivalent rings, i.e., Sr End(P,) 
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for a finitely generated projective generator of MOD-R. The equivalence is 
then given by H( ) = Hom(P,, ). Note that a semi-perfect ring is Morita 
equivalent o its basic ring. The following is well known and listed only to 
jog the memory. A good reference is [AF]. The equivalence H takes essen- 
tial monomorphisms, injective envelopes, faithful modules, finitely 
generated modules, semi-simple modules and singular modules in MOD-R 
to objects of MOD-S with the same properties. Morita equivalent rings 
have isomorphic lattices of ideals. The classes of semi-perfect rings, right 
self-injective rings, semi-prime right Goldie rings, and right FPF rings are 
Morita invariant. 
If left or right is not indicated for a ring property, then the property 
holds on both sides, i.e., serial = left and right serial, Ore set = left and 
right Ore set, etc. 
2. SELF-BASIC PRELIMINARIES 
The results of this section provide needed information on the structure of 
semi-perfect self-basic right FPF rings used to prove that a classical ring of 
quotients exists in general for a semi-perfect right FPF ring. Thus, the goal 
of this section is to prove that for semi-perfect self-basic rings S, VJO) is a 
left and right Ore set. This goal is attained by discussing the structure of 
E(S,). 
In [F4, Theorem 9B], Faith has shown that for local right FPF rings S, 
the right singular ideal is the singular submodule of E(S,). Lemma 2.1 
shows this to be true of arbitrary semi-perfect right FPF rings. 
LEMMA 2.1. Let R he semi-perfect right FPF. 
(a) Z(E(R,)) = Z,(R). 
(b) Z,(R) is (left and right) V,.(O)-diuisible. 
Proof: (a) Let e be a primitive idempotent of R and let eZ be the 
singular submodule of E(eR). By (1.6), there is an idempotent f~ R such 
that eR @ fR is a basic module of R. Given x E eZ, M = (eR + xR) @ fR is 
a faithful right R submodule of E(eR@ fR) since eR@ fR is contained in 
M. Thus, M is a generator of MOD-R (R is right FPF), and by (1.8) M z 
eR @ fR. Then, the cancellation (1.7) shows (eR + xR) 2 eR. Since eR is a 
local R module, either (eR+ xR) =eR or (eR+xR) =xR. But, xR is a 
singular R module since x E eZ, and eR is not singular. Thus, 
eR + xR = eR, i.e., eZ < eR. Now the homomorphic image of a singular 
module is singular, so Z(E(R,)) = @ eZ< @ eR = R where the sum is 
indexed by a complete set of primitive orthogonal idempotents of R. 
Evidently, Z( E(R)) = Z,(R) in this case. 
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(b) Given CE%$(O), (1.3) and (1.2) show that left multiplication by c 
lifts to a unit &EA = End(E(R)). Thus, cZ,(R)=&.J(A) 1 =J(A) 1 = 
Z,(R), (1.1). Similarly, Z,(R) is right W,.(O)-divisible. 1 
There is a relationship between Z,(R) and Z,(S) where S is the basic 
ring of R. This relationship will be used in Section 3. 
LEMMA 2.2. Let R be a semi-perfect ring with basic idempotent e, and let 
S = End(e,R), the basic ring of R. Then Hom(eOR, e,Z,(R)) = Z,(S). That 
is, under the isomorphism of lattices of ideals induced by the Morita 
equivalence Hom(e, R, ), Z,(R) corresponds to Z,(S). 
ProofI Let H( ) = Hom(e,R, ). Given a map f: e,R -+ e,Z,(R), then 
f(eo) has essential annihilator in R. That is, ker f is an essential right R 
submodule of e,R. Since an equivalence preserves essential 
monomorphisms, H( f ): S -+ Z= H(e,Z,(R)) has essential kernel in S. 
Thus, H(f) E Z,(S) and so I< Z,(S). Now, the equivalence H has an 
inverse H’: MOD-S -+ MOD-R in which H’(S) g e,R. Thus, the above 
argument applies to prove that H’(Z,(S)) < eOZ,(R). But, HH’ is naturally 
equivalent to the identity functor. Hence, the usual proofs show Z= 
H(eJ,(R)) = HH’(Z,(s)) = Z,(s). I 
This is all the information on Z,(R) needed to continue the study of 
semi-perfect self-basic right FPF rings. 
The following requires no FPF hypothesis. 
LEMMA 2.3. Let S be a semi-perfect right strongly bounded ring. Assume 
indecomposable projective right ideals of S are uniform (e.g., S a semi-perfect 
right FPF ring.) 
(a) Zdempotents of S are central module Z,(S). 
(b) Given c E S, then CE P&(O) lff ce 4 Z,(S) for each idempotent 
0 # e E S iff ec # Z,(S) for each idempotent 0 # e E S. 
(c) Given a primitive idempotent eE S and XE S, then ex + 1 -e E 
WAO) iff exe Z,(S). 
(d) Given a primitive idempotent 0 # e E S, then t?,!% is a domain, where 
2 = e + Z,(S) E S/Z,(S) = 3. 
(e) VW) = W-C(W). 
Proof. (a) Let 0 #Ed S be a primitive idempotent. Since each idem- 
potent of S is the direct sum of primitive idempotents, it suffices toshow e 
is central modulo Z,(S). Let e’ = 1 -e and let K = SeS n Se'S. By the 
Chinese Remainder Theorem, S/K e S/SeS x SlSe’S. Thus, e + K is central 
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in S/K. Once it has been shown that K < Z,(S), it will easily follow that 
e + Z,(S) is central in S/Z,(S). 
Let L = eL be the sum of ideals of S contained in eS and similarly define 
L’ = e/L’ < t/S. Because S is right strongly bounded, L 0 L’ is right essen- 
tial in es@ e’s = S. Note KL < Se’SL = Se’L = Se’eL = 0 since L is an 
ideal. Similarly, KL’ = 0, so r,(K) Z L 0 L’ is right essential in S. Hence 
K < Z,(S). 
(b) The contrapositive isproved. Given CE S such that tee Z,.(S) for 
some primitive idempotent e # 0 ES, there is an essential right ideal I< S 
such that (ce) I = 0 but eZ# 0 (e is not singular). Thus, Ye # 0. Conver- 
sely, assume Ye # 0. Choose a nonzero ideal I< TJC) (S is right strongly 
bounded) and then a primitive idempotent e E S such that 0 # eZ< I. Then 
r.Jce) contains eZ@ (1 - e) S. Since eS is uniform, eZ is essential in eS and 
it follows that rs(ce) is essential in S. Hence ce E Z,(S). Finally, note part 
(a) shows ce + Z,(S) = 0 iff ec + Z,(S) = 0 in S/Z,(S). 
(c) In what follows, use bars to denote images modulo Z,(S). Let 
e # 0 E S be a primitive idempotent and let x E S. If ex + 1 - e E y(O), then 
(ex+ i .--qe= --- exe= t?x # 0 in S by parts (b) and (a). Conversely, assume 
ex &Z,(S). Let f~ S be an idempotent, and assume (ex + 1 - e) f E Z,(S). 
Then O=(t%+i-2)~=2x~+((T-1?)$ Since S=eS@(i-e)S, .?f= 
O=(i-e)f Thus,f=$ so 2=$++(i--f)=f+(e-f), where e-fis 
an idempotent such that f(2 - f) = 0 = (2 - f ) r Since 2 is primitive, f = 0. 
By part (b), ex + 1 -e is right regular in S. 
(d) By part (a), K%= 2S= SF. Let 2, Jo&?. Then part (c) shows 
(x + 1 -e), (y + 1 -e) and (x + 1 - e)(y + 1 -e) are right regular in S. 
Thus, (X + i - e)(y + i - 2) e = xje + (i - 2) jk? = xj # 0 by part (b), i.e., 
?SF is a domain. 
(e) Part (b) shows %?(Z,(S)) d %?JO). Let c E g,(O) and let x E S such 
that xc E Z,(S). Then 0 = XC = (x2) Ce for each idempotent e E S (part (a)). 
For primitive Ed S, Se= 2% is a domain (part (d)), and &?#O (part (b)), 
so xt? = 0 for each idempotent e E S, i.e., x = 0 and so WJO) < %(Z,(S)). 1 
LEMMA 2.4. Let S be a semi-perfect self-basic right FPF ring. 
(a) E(S,)/Z,(S) is a nonsingular serial right S/Z,(S) module. 
(b) S/Z,(S) is essential in E(S,)/Z,(S). 
(c) S/Z,(S) is a semi-prime, right serial ring whose classical right ring 
of quotients is a flat right S/Z,(S) module. 
Proof: (a) Let e be a primitive idempotent of S and choose 
x, y E E(eS) with x, y 4 Z,(S). Two cases are considered. 
304 THEODORE G. FATICONI 
Case i. x E eS. Then 2.3(c) shows x + (1 - e) is right regular in S. Thus, 
(xS + yS) 0 (1 -e) S = A4 is a faithful right S submodule of E(S). Since S 
is right FPF, it follows from (1.8) that Sr M. The cancellation (1.7) then 
shows eS z xS + yS. Since eS is a local module, either xS d yS or yS < xS. 
Case ii. x, y $ eS. Then Case i shows eS d xS, yS. (Set e = x,) Thus, 
(xS+ yS)@ (1 -e) S is faithful and it follows as in Case i xS< yS or 
ys 6 xs. 
Therefore, XS d jjS or YS d XS where the bars denote images modulo 
Z,(S). Hence, for primitive idempotents e E S, E(eS)/eZ,(S) is a uniserial 
right S module. Recall that E(S) g @ E(eS) where the sum is indexed 
over a complete set of primitive orthogonal idempotents of S and that 
Z,(S)= @ eZ,(S)=Z(E(S))=E(S)Z,(S), 2.1(a). Hence E(S)/Z,(S)z 
@ [E(eS)/eZ,(S)] is a serial right S/Z,(S) module. 
Now, in proving that E(eS)/eZ,(S) is uniserial, one has shown that 
eS/eZ,(S) is essential there. Thus, S/Z,(S) z @ [eS/eZ,(S)] is essential in 
0 [E(eS)/eZ,(S)] E E(S)/Z,(S). S’ mce S/Z,(S) is a finite product of 
domains, 2.3(d), it is nonsingular and, hence, so is any essential extension 
of S/Z,(S). Thus, E(S)/Z,(S) is a nonsingular right S/Z,(S) module. This 
also proves part (b). 
(c) We know that S/Z,(S) is a direct sum of finitely many uniserial 
right S/Z,(S) modules, and thus is right serial. By 2.3(d), S/Z,(S) is semi- 
prime. Thus, Goldie’s Theorem applies to produce a semi-simple classical 
right ring of quotients Q of S/Z,.(S). The next lemma will be of use to the 
sequel, as well as the proof of part (c). 
LEMMA 2.5. Let S, Q, E(S) he as above. Then Q g E(S)/Z,(S). 
Proof: By (1.2), CE%,.(O) lifts to a unit & of A = End(E(S)). Thus, 
E(S) c=fli,.l =A1 =E(S), i.e., E(S) is right q,(O)-divisible. Hence 
E(S)/Z,(S) is right @JO)-divisible. BY 2.3(e), ‘K,(O) = ~(Z,tS)), so 
E(S)/Z,(S) is a nonsingular (part (a)), S/Z,(S) module divisible by the 
regular elements of S/Z,(S). Thus, the universal property of quotient 
modules lifts the inclusion S/Z,(S) + E(S)/Z,(S) to one Q -+ E(S)/Z,(S). 
Since Q is an injective right S/Z,(S) module (1.15), and since S/Z,(S) is 
essential in E(S)/Z,(S) (part (b)), Q E E(S)/Z,( S). 1 
Continuing the proof of Lemma 2.4(c), it is clear from 2.5 and 2.4(a) that 
Q is a serial right S/Z,(S) module. Now let X E E(S)/Z,(S) where bars 
denote images modulo Z,(S). Then S + XS is a faithful finitely generated 
right S submodule of E(S). Since S is right FPF, S + xS is a generator, and 
since S is self-basic, S+xSrS, (1.7), (1.8). Thus, S+XSgS=S/Z,(S) 
and it follows that E(S)/Z,(S) is the directed union of free right S/Z,(S) 
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modules. That is, E(S)/Z,( S) is a flat right S/Z,(S) module. By 2.5, Q is 
flat. 1 
Lemmas 2.1 and 2.4 provide a vivid description of E(S) and S for semi- 
perfect, self-basic right FPF rings S. Thus, the stated objective of this sec- 
tion is at hand. 
THEOREM 2.6. Let S be u semi-perfect, self basic right FPF ring. 
(a) S/Z,(S) is u product of (left and right) seriul domains. 
(b) Vr(0) is a (kft and right) Ore set in S. 
Proqf: The proof is based on a result of Warfield’s listed as Exer- 
cise 7(iii), p. 245 of [F8]. It states that the semi-perfect ring S’ is (left and 
right) serial (left and right) semi-hereditary iff S’ is right nonsingular, right 
serial, and its maximal right ring of quotients is a flat right S’ module. 
Note 2.4(c) and 2.5 show the semi-simple classical right ring of quotients Q 
of S/Z,(S) exists and is a flat right S/Z,(S) module. It is known that such a 
ring is also the maximal right ring of quotients of S/Z,(S). By 2.4(a), 
S/Z,(S) is right nonsingular. Finally, it is known (see, e.g., [CH, 
Theorem 8.151) that a right nonsingular, right serial ring is right semi- 
hereditary. Thus, S/Z,(S) is a serial ring by Warlield’s result. Note 2.3(d) 
shows S/Z,(S) is a finite product of domains. It is then immediate that 
these domains are serial. 
(b) Note S/Z,(S) is semi-prime Goldie by part (a). Thus, the regular 
elements of S/Z,(S) form an Ore set in S/Z,(S). Let c E Vr(0) and x E S. By 
2.3(e), there is a c’ E %‘(Z,(S)) = %‘JO) and X’E S such that xc’ - cx’ E Z,(S). 
By 2.1(b), Z,(S) is (left and right) Cc,(O)-divisible, so one can choose 
z c Z,(S) such that xc’ - cx’ = cz. Thus, xc’ = c(x’ + z) and w,(O) is a right 
Ore set in S. Since Z,(S) is also left ‘#JO)-divisible, a symmetric argument 
shows %?JO) is a left Ore set in S. m 
It will be shown in Lemma 3.2(d) that wr(0) = V(O) for semi-perfect right 
FPF rings R. Toward this result, there is 
COROLLARY 2.7. Let R be a semi-perfect right FPF ring. Then R/Z,(R) 
is a finite product of matrix rings over serial domains. 
ProojI Let S be the basic ring of R. Then the Morita equivalence 
between S and R induces an equivalence between S/Z,(S) and R/Z,(R) by 
2.2. By 2.6(a), S/Z,(S) is a finite product of serial domains. Such domains 
are local rings and projectives over local rings are free. Since R/Z,(R) = 
End.(P) for some finitely generated projective generator P of 
MOD-S/Z,(S), R/Z,(R) is a finite product of matrix rings over the serial 
domains making up S/Z,(S). 1 
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Remark. The result 2.2 showing that right singular ideals of Morita 
equivalent rings correspond under the induced isomorphism of lattices of 
ideals is known. In the proof of 2.6(a), it is shown that if S’ is a semi-prime 
right serial ring whose maximal right ring of quotients is a serial right S’ 
module, then S’ is also left serial. This is probably a known result but a 
specific reference was unavailable. If S’ is a semi-prime, semi-perfect, right 
FPF ring, then S’ is a serial ring by [FP, Corollary 2.1C]. Note 2.1 (a) is 
[FP, Corollary 2.131. The proof of 2.1 (a) is different from that of [FP, 
Corollary 2.131. Also note, 2.3(e) is implicit in [FP, Theorem 2.151. 
3. SELF-INJECTIVE LOCALIZATION 
Throughout this section, R denotes a semi-perfect ring with basic ring S. 
Let 9 denote the set of left ideals of S containing a right regular element, 
i.e., for left ideals I of S, ZEF iff Zn%?f(O) # a. By (1.10) 9 is a 
l-topology on S if Wr(0) is a left Ore set in S. Let S, denote the 
localization fS at 5. 
The objective of this section is to prove that the right FPF ring R 
possesses a right self-injective, classical ring of quotients Q formed by 
localizing at the classically ocalizable ideal Z,(R). Toward this end, the 
following lemma reduces the problem to the self-basic case. 
LEMMA 3.1. Let R’ and S’ be Morita equivalent rings. Let I be an ideal 
of R’ corresponding to the ideal J of S’ under the isomorphism of lattices of 
ideals. Then I is a classically localizable ideal iff J is a classically localizable 
ideal. In this case, R; is Morita equivalent to S;. 
Proof Note that if I is a classically ocalizable ideal of R’, then for each 
positive integer n, M,(Z) is a classically localizable ideal of M,,( R’). Since R’ 
is Morita equivalent o S’, there is a positive integer n, an idempotent e of 
M,(R’), and an isomorphism of rings S’ z eM,( R’) e. Also, JZ e&I,(Z) e 
under this isomorphism. In [Sf, Proposition 4.53, Stafford has shown that 
if Z is classically localizable, then J is classically localizable. Therefore, if I is 
classically localizable, then J is classically localizable. The Morita 
equivalence between R; and S; is given in [St, Exercise 1, p. 2191. i 
Recall that an over ring R’ of R is a perfect left localization fR iff R’ is 
a flat right R module and the inclusion map R + R’ is epic in the category 
RINGS. 
LEMMA 3.2. Let S be a semi-perfect, self-basic right FPF ring, and let 9 
be the filter of left ideals described above. 
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(a) Z,(S) is an F-closed ideal of S. 
(b) Z,(S) is an ideal of S, 
(c) S,, is a perfect left localization of S. 
(d) @JO) =%‘(O)=g(Z,(S)) is a left and right Ore set in S. 
Proof: (a) By (1.12), S is an 8-torsion free left S module, so Z,(S) is 
an F-torsion free left S module. Let x E E( sZ,(S)) and assume cx E Z,(S) 
for some CEV~(O). Because Z,(S) is left %$(O)-divisible, 2.1(b), there is a 
,- E Z,(S) such that cx = cz. Since Z,(S) is p-torsion free, x = z E Z,(S). 
Hence, Z,(S) is F-closed by (1.11). 
(b) Given z E Z,(S) and s E S,, , choose c E %‘JO) such that cs E S and 
then choose z’ E Z,(S) such that z = z’c. (Z,(S) is right 5$(O)-divisible by 
2.1 (b).) Then zs = Z’(U) E Z,(S) and (cs) z E Z,(S) since Z,(S) is an ideal of 
S. As in part (a), (cs) z E Z,(S) implies sz is in Z,.(S). Hence Z,(S) is an 
ideal of S,, 
(c) It must be shown that S, is ring epimorphism of S and that S, 
is a flat right S module. Let x E S,F. There is a c E %‘JO) such that cx E S. 
Thus, c( S + xS) is a subset of S. Since S,, is B-torsion free, c(S + cS) 2 
S + xS. Since S and S + XS then have the same finite right Goldie dimen- 
sion, (1.3) S is essential in S + xS. Note this also proves that S is right 
essential in S,,. From (1.8) SE S + XS = dS for some d E S, with 
r,(d) = 0. Since S is right essential in S,,, d is right regular in S,, Now, 
S < dS implies S,, < dS,, < S,,, so there is a d’ E S, such that dd’ = 1. 
Evidently, d’ is right regular in S,, so d’d is a right regular idempotent of 
S., , i.e., d’d = 1. Then d’s < d’dS = S, so A’ is a regular element of S such 
that d’x E S. Hence S is a left order in S,, from which it follows that S, is a 
ring epimorphism of S. An easy induction shows that for x, ,,.., x E S,, , 
then S + x, S + . . . + x,,S % S. Thus, S,, is a flat right S module. This 
proves S, is a perfect left localization of S. 
(d) By 2.3(e) and 2.6(b), @?JO) = @‘(Z,(S)) is an Ore set in S. Since 
S,+ is a left perfect localization of S (part (c)), S, = S,Sc = S,c for 
c E %?JO) [St, Proposition XI.3.4gl. Hence c’c = 1, for some c’ E S,. But S 
is right essential in S, (see the above proof), and S has finite right Goldie 
dimension, (1.3) so S,, is Dedekind finite [F8, Proposition 19.401. Thus, 
CC’ = 1 and so %‘?JO) = g(O), as required. 1 
The stated objective of this section follows. 
THEOREM 3.3. Let R be a semi-perfect right FPF ring. 
(a) R possesses a semi-perfect, right self-injective, classical (left and 
right) ring of quotients, Q, formed by localizing at the classically localizable 
ideal Z,(R). 
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(b) Z,(R) = J(Q). 
(cl %(O) = K(O) = %(Z,(R)). 
Proof. (a) Let S be the basic ring of R. By 2.5 and 3.2(b), for each 
XE E(S,), there is a c E$?(Z,(S)) = %‘(O) such that XCE S/Z,(S) < 
E(S,)/Z,(S). Then xc E S, and by (1.16), S possesses a semi-perfect, right 
self-injective, classical right ring of quotients, Q. (By ( 1.3), S has finite right 
Goldie dimension.) Now, @?(Z,(S)) = g(O) is an Ore set in S, 3.2(d), and 
Z,(S) is a semi-prime Goldie ideal, 2.6(a), so Z,(S) is a classically 
localizable ideal of S. Thus, Q 2 Sz,(s) is also the classical left ring of 
quotients of S. Now to pass to R. 
By 2.2, Z,(S) and Z,(R) correspond under the isomorphism of lattices of 
ideals induced by the Morita equivalence. Thus, the above paragraph and 
3.1 show that Z,(R) is a classically localizable ideal of R. Since S,rC,, is 
Morita equivalent to R,,(.,, 3.1, and since Sz,(s, is semi-perfect, right self- 
injective, it follows that RZ,(Rj is semi-perfect and right self-injective. Such 
rings are quotient rings, (1.2). Because R is left and right essential in R,,,.,, 
the regular elements of R are units in R,,,.,, i.e., RZ,CRj is the classical ring 
of quotients of R. This proves (a). 
W Let Q=R,,,,. By 2.1(b), Z,(R) Q = Z,.(R) = QZr(R). Propo- 
sition XV.2.1 of [St] shows Z,(R) Q = J(Q). 
(c) By part (a), g(O) =W(Z,(R)) =@JO), (1.2), is an Ore set in R. 
Let c E %?[(O) and claim CR is a dense right ideal of R. First to be proved is 
that CR is an essential right ideal of R, and so right essential in Q. Since 
Q E E(R), (1.15), Q E E(cR) 0 eQ for some idempotent e E Q. Then ec = 0. 
Since R is left essential in Q and since c is left regular in R, e = 0, i.e., CR is 
a right essential right ideal of R. To prove that CR is dense in R, it must be 
shown that Hom(R/cR, E(R)) = 0. Recall the readily demonstrated identity 
trace,(R/cR) = f,(c) R. Since I,(c) = 0, trace,(R/cR) = 0. Because CR is 
essential in R, R/CR is a singular right R module. Hence 
Hom(R/cR, E(R)) = Hom(R/cR, Z(E(R))) = Hom(R/cR, Z,(R)) by 2.1(a). 
It follows that Hom(R/cR, E(R)) = 0 and that CR is a dense right ideal of 
R. Therefore, since Q = RZ,CR, = Q;,, (R) is a right perfect localization of R, 
one has cRQ = Q = cQ [St, Proposition XI.3.4g]. But semi-perfect right 
self-injective rings are Dedekind finite [F& Proposition 19.401, so c is a 
unit of Q, i.e., v,(O) = g(O). 1 
In view of 3.3(a), it is natural to ask if RZ,CRl is also the maximal left ring 
of quotients of the semi-perfect right FPF ring R. Several partial answers 
follow. 
COROLLARY 3.4. Let R be a semi-perfect right FPF ring. Then Q = 
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Q((R) = Q&,,(R) is also the maximal left ring of quotients of R tf any of the 
following hold. 
(a) R is left FPF. 
(b) Q is left FPF. 
(c) R is right essential in Qb,,(R). 
(d) rJZ,(R)) is right essential in R. 
(e) Q is right PF. 
ProojI (a) Use the left/right symmetry of 3.3(a). 
(b) In case Q is left FPF, its classical eft ring of quotients is left self- 
injective 3.3(a). But Q is a quotient ring, and the classical left ring of 
quotients of R, so Q is also the maximal left ring of quotients of R. 
(c) Note Qk,,(R) contains the classical eft ring of quotients of R, Q. 
Since Q is right self-injective, it is a summand of Q&,,(R) as a right R 
module. Since R is right essential in Q;,,(R), Q = Q&,,(R). 
(d) Let I be a dense left ideal of R. Then since R is left and right 
essential in Q, QZ is a dense left ideal of Q. Since the set of dense left ideals 
of Q forms a filter, Q1-t J(Q) = J is a dense left ideal of Q. Since Q/J(Q) is 
a semi-simple ring, 3.3(a), J/J(Q) = [Q/J(Q)] Z for some idempotent e E Q. 
Thus, J= Qe + J(Q). By 3.3(b) and hypothesis, r&J(Q)) is right essential 
in Q, and so rp(J) = rs(Qe) n rQ(J(Q)) = (1 -e) Q n rp(J(Q)) # 0 or else 
e = 1. Since J is a dense left ideal, e = 1, i.e., QZ+ J(Q) = Q = Q1 
(Nakayama’s Lemma) so Q does not contain proper dense left ideals. So, 
Q = Qi,,,,(R). 
(e) If Q is right PF, then Q is its own maximal left ring of quotients 
[St, Proposition X1.5.41. 
This completes the proof. i 
Remark. Theorems 2.14 and 2.17 of [FP] are subsumed in 3.3(a) and 
3.4(a), respectively. 
4. A CHARACTERIZATION OF FPF RINGS WITHIN 
THEIR INJECTIVE HULLS 
The main result of this section is that stated in the title in the presence of 
a right strongly bounded Morita equivalent ring. Also, an internal charac- 
terization of semi-perfect right FPF rings is given, 
THEOREM 4.1. Let R be a ring Morita equivalent to a right strongly 
bounded ring S, but otherwise arbitrary. Then R is right FPF iff R is right 
upper-FPF. 
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Proof: Recall that a ring R is right upper-FPF iff each faithful finitely 
generated submodule of the injective hull of R is a generator. Clearly, if R 
is right FPF, it is then right upper-FPF. Assume R is right upper-FPF and 
let M be a faithful finitely generated right R module. Given a Morita 
equivalence H from R to S, H(M) is a faithful finitely generated right S 
module. As S is right strongly bounded, there is a positive integer n such 
that S embeds in H(M)“. Thus, H-‘(S) embeds in M” as right R modules. 
Since H-‘(S) is a projective generator of MOD-R, there is an integer m 
such that R embeds in M”‘. Let x be the image of 1 under this embedding 
and note E(M”) = E(xR) @ N for some injective right R module N. Let M’ 
denote the image of the projection of M into E(xR) z E(R). Then x E M’, 
so M’ is a faithful right R submodule of E(R). By the hypothesis, M’, and 
so M, are generators of MOD-R. Hence, R is right FPF. 1 
Theorem 4.1 extends [F4, Theorem 9b, p. 291. It is conjectured by Faith 
that a right FPF ring is Morita equivalent to a right strongly bounded 
ring. If this is true, then 4.1 characterizes right FPF rings within their injec- 
tive hulls. The next result is a characterization f semi-perfect right FPF 
rings. 
COROLLARY 4.2. Let R be a semi-perfect ring. The following are 
equivalent. 
right upper-FPF and the basic ring of R is right strongly 
(a) R is right FPF. 
(b ) R is 
bounded. 
(cl G) 
(ii) 
The basic ring of R is right strongly bounded. 
R is right pre-FPF. (Faithful finitely general right ideals of 
R are generators.) 
(iii) 
(d) 6) 
(ii) 
(iii) 
The classical (left and right) ring of quotients of R exists 
and is right self-injective. 
The basic ring of R is right strongly bounded. 
R is right pre-FPF. 
The maximal right ring of quotients of R is the classical eft 
ring of quotients of R and is right self-injective. 
Proof. (a)=>(b) is (1.9). (b)*(a) is (4.1). (a) =+. (c) is from (1.9) and 
3.3(a). 
(d)*(b) Let A4 be a faithful finitely generated R submodule of 
E(R). Then M< Q = Q:,(R) by (iii). Given generators x1 ,..., x, of M, there 
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is a regular c E R such that CX~E R for all i. Thus, Mr cM6 R is a 
generator of MOD-R by (ii). Hence R is right upper-FPF. 
(c) => (d) follows from (1.15). 
This completes the proof. m 
That 4.2(c) is an internal characterization ofsemi-perfect right FPF rings 
is seen in [St, Proposition XV.5.21, where an internal characterization is
given of those rings possessing a semi-perfect, right self-injective classical 
right ring of quotients. The existence of a classical ring of quotients is inter- 
nally characterized inthe Ore property for the set of regular elements of R. 
Remark. Faith has shown that a commutative ring R is FPF iff R is 
pre-FPF and has self-injective classical ring of quotients [FP, p. S.31. 
Using (4.1) and the dual basis theorem for projective modules, one can 
deduce Faith’s theorem. A consequence of (4.2) is [FP, Theorem 2.231. 
5. APPLICATIONS TO PF AND QF RINGS 
The goal of this section is to classify right PF rings and QF rings 
without mention of the self-injective property. These results are then 
applied to permutations of the hypotheses “semi-perfect” and “right 
Noetherian.” 
THEOREM 5.1. Let R be a semi-perfect ring. The following are equivalent. 
(a) R is right PF. 
(b) R is right FPF and Soc(R,) is right essential. 
(c) R is right FPF and right Kasch. 
(b’) R is right FPF and Soc(R,) is left essential. 
(c’) R is right FPF and left Kasch. 
The proof requires a result similar to (1.14). 
LEMMA 5.2. Let R be a semi-perfect, right FPF ring. If Soc(R,) is right 
essential in R, then R is right PF. 
Proof: Let {e, ,..., e,} be a set of primitive orthogonal idempotents of R 
such that {C,R,..., C,R} is a complete set of representatives ofisomorphism 
classes of simple right .R modules. (Bars denote images of elements modulo 
J(R) here.) Then M= e, R@ ... @e,R is a basic module of R [FP, p. 1.31. 
Note that R has exactly t nonisomorphic simple modules in this case. Since 
Soc(R,) is right essential in R, S; = ei Soc(R,) # 0 for each i = l,..., t. To 
481.‘107!2-2 
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prove R is right Kasch, it then suffices to prove Sj & S, for i #j since then 
R contains t nonisomorphic simple right R modules. 
Assume, to the contrary, that S, r SZ. Since S, is essential in e, R, (1.3), 
and since QrE(R,), (1.15), one has e,Q~E(e,R)=E(S,)rE(S,)= 
E(e2R) r ezQ. Let f: e, Q -+ e,Q be an isomorphism. The idea behind the 
proof of 2.4(a) is that a finitely generated submodule of E(e,R) not con- 
tained in e2Z,(R) is isomorphic to e2 R. Since f(e,) is not singular, e, R E 
f(e, R) z e2 R. This contradiction to the choice of M as a basic module for 
R proves S, 2 SZ. Hence R is right Kasch. Since right Kasch rings are 
their own maximal right quotient rings [St, p. 2351 R is a right Kasch, 
right self-injective ring 3.3(a), i.e., R is right PF. 1 
Proof of Theorem 5.1. Theorem 1.7(B) of [FP] proves (a) 3 (b) and 
(b’). Theorem 1.7(C) of [FP] proves (a) 3 (c’). (b)-(c) is (5.2). 
(c) * (a) Assume R is right Kasch, right FPF. Then I,(Z) # 0 for each 
right ideal I# R [St, Lemma X1.5.le J. Thus, R is a quotient ring. By 
3.3(a), R is right self-injective, and so right PF. Thus, (a) holds. 
(c’) 5 (a) follows as in (c) = (a). It remains to prove that (b’) * (a). 
Let S be the basic ring of R and note that S is semi-perfect, right FPF. 
Also, the condition in part (b’) is Morita invariant since the properties 
“semi-simple” and “essential” are Morita invariant. Thus, assuming (b’) 
holds for R, Soc(S,) is then left essential in S. Let {er ,..., e } be a complete 
set of primitive orthogonal idempotents of S and recall that the e, are cen- 
tral modulo J(S), (1.5). Thus, for each x E Soc( S,s) and 4’ E S, x( JV, - e, ~1) E 
xJ(S) which is zero, i.e., Soc(S,) ej is a right ideal of S. Since Soc(S,) is left 
essential and since ei is not left singular, Soc(S,) e, # 0 for i = I,..., t.Thus, 
Soc(S,) and S have right Goldie dimension t, implying Soc(S,) is right 
essential in S. Then, R is right PF by (5.2). Hence (a) holds and the proof 
is complete. 1 
Theorem 5.1(c), (c’) and (4.1) combine to prove that the semi-perfect 
ring R is PF iff R is right PF and left upper-FPF. See [F2] and [FP, 
Example 5.21 in this regard. Since QF rings are PF rings with chain con- 
ditions. 
COROLLARY 5.3. Let R he a semi-perfect ring. The following are 
equivalent. 
(a) R is QF. 
(b) R is right FPF, right Kasch, and has the act on left or right 
annihilators. 
(b’) R is right FPF, left Kasch, and has the act on kft or right 
annihilators. 
SEMI-PERFECT FPF RINGS 313 
Proof Theorem XIV.3.5 of [St] states that a right self-injective ring R 
is QF iff R has the act on left or right annihilators. Corollary 1.8A of [FP] 
states that a QF ring is left and right PF. Thus, (a) implies (b) and (b’) 
since a ring is right PF iff it is right self-injective, right Kasch. By (5.1), the 
ring R in (b) or (b’) is right PF with the act on left or right annihilators. 
By [St, Theorem XIV.3.51, R is then QF. 1 
Before discussing other permutations of the hypotheses “semi-perfect” 
and “right Noetherian,” a splitting result for semi-perfect right FPF rings is 
given. 
LEMMA 5.4. Let R be a semi-perfect right FPF ring. Then R = R, x R, 
wthere R, is a finite product qf matrix rings over serial domains and where 
Z,(R) is right essential in R,. 
Proqf: Theorem 5.1 of [FP] states that there is an ideal R, of R and a 
right ideal R, such that Z,(R) is right essential in R, and R, is a non- 
singular right R module. Further, R = R, 0 R2. Claim R, is an ideal of R. 
Since Morita equivalent rings have isomorphic lattices of ideals, it suffices 
to assume R is self-basic. In this case, R is right strongly bounded, (1.9). 
Thus, setting L equal to the sum of ideals in R, shows L is right essential in 
R,. Hence L 0 R, is right essential in R, and L 0 R,/Z,(R) is right essen- 
tial in R/Z,(R). Recall that R/Z,(R) is right Goldie, 2.7(a). Thus, Goldie’s 
Theorem and 3.3(c) show that L @ R, contains an element of %‘(Z,(R)) = 
‘G’(O), i.e., LQ @ R,Q = Q. Thus, LQ is an injective right R module. (3.3(a) 
and (1.15).) Given q E Q, choose a regular c E R such that cq E R, 3.3(a). 
Then cqLQ d LQ since L is an ideal of R. But LQ has finite right dimen- 
sion, so the monomorphism c: LQ -+ LQ is an isomorphism, i.e., cLQ = LQ 
and so c ‘LQ = LQ. Thus, qLQ = c ‘(cq) LQ < LQ, and LQ is an ideal of 
Q. Then, R, = LQ n R is an ideal of R proving R = R, x R,. The ideal 
structure of R, is given by 2.7(a). 1 
COROLLARY 5.5. (a) The semi-pecfect, right FPF ring R possesses a 
QF ring qf quotients [fr R has the arc on kft or right annihilators. 
(b) R is a semi-peyfict, right FPF, left or right Noetherian ring iff R
is aJinite product qf semi-perfect Dedekind prime rings and a QF ring. R is 
then left and right FPF. 
Proof (a) Use 3.3(a) and then 5.3. 
(b) A semi-perfect Dedekind prime ring is left and right Noetherian, 
left and right FPF by [FP, Corollary 4.22B], and [FP, Theorem 5.41. 
Corollary 1.8A of [FP] shows QF rings are PF rings. Thus, a finite 
product of semi-perfect Dedekind prime rings and a QF ring is semi-per- 
fect, right FPF and left or right Noetherian. Conversely, it suffices to prove 
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that if R = R, x R2 as in (5.4), then R2 = R2Q. (See [FP, Chap. 41.) Thus, 
there is no loss in generality if one assumes R = R2, i.e., Z,(R) is right 
essential in R. 
By part (a), R has a QF ring of quotients, Q. By 3.3(b) and [St, Exer- 
cise 9, p. 2821, ro(Soc(Qo)) =J(Q) = Z,(R). Thus, Soc(Qo) < Z,(Q) = 
J(Q)=Z,(R)<R, (1.1). By [St, p.282, number91, SOC(~Q)<R and has 
left annihilator Z,(R). Since Q is PF, Q/J(Q) = Q/Z,(R) embeds in 
Soc( Q,)” as a right R module and in Soc( oQ)” as a left R module for some 
positive integer n [FP, Corollary 1.8A]. If R is left Noetherian, then 
Q/Z,(R) is a submodule of the Noetherian left R module Soc(oQ)“, and so 
is itself a finitely generated left R module. Since Z,(R) is nilpotent in a ring 
with the act on annihilators, the nilpotent ideal version of Nakayama’s 
Lemma shows Q/Z,(R) is finitely generated by R iff Q is finitely generated 
by R. By [CH, Lemma 1.291, Q = R. Similarly, if R is right Noetherian, 
then Q/Z,(R) embeds in Soc(Qo)” and it follows that Q = R. m 
Remark. Corollary 5.4 extends [FP, 2.20, 2.211 and is a variation on 
[Ft, Corollary 1.71. 
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